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In a superconductor absorption of photons with an energy below the superconducting gap leads to
redistribution of quasiparticles over energy and thus induces a strong non-equilibrium quasiparticle
energy distribution. We have measured the electrodynamic response, quality factor and resonant
frequency, of a superconducting aluminium microwave resonator as a function of microwave power
and temperature. Below 200 mK, both the quality factor and resonant frequency decrease with
increasing microwave power, consistent with the creation of excess quasiparticles due to microwave
absorption. Counterintuitively, above 200 mK, the quality factor and resonant frequency increase
with increasing power. We demonstrate that the effect can only be understood by a non-thermal
quasiparticle distribution.
A superconductor can be characterised by the density
of states, which exhibits an energy gap due to Cooper
pair formation, and the distribution function of the elec-
trons, which in thermal equilibrium is the Fermi-Dirac
distribution. When a superconductor is driven by an
electromagnetic field, nonlinear effects in the electrody-
namic response can occur, which are usually assumed to
be due to a change in the density of states, the so called
pair breaking mechanism [1]. These nonlinear effects can
be described along the lines of a current dependent su-
perfluid density ns(T, j) ∝ ns(T )
[
1− (j/jc)2
]
, where j
is the actual current density, jc the critical current den-
sity and T the temperature. Observations such as the
nonlinear Meissner effect [2] and nonlinear microwave
conductivity [3, 4] can be explained by a broadening of
the density of states and a decreased ns. The quasipar-
ticles are assumed to be in thermal equilibrium and a
Fermi-Dirac distribution f(E) = 1/(exp(E/kBT ) + 1) is
assumed, with E the quasiparticle energy and kB Boltz-
mann’s constant.
Here we demonstrate that a microwave field also has a
strong effect on f(E) in the superconductor, and induces
a nonlinear response. We present measurements of the
electrodynamic response, quality factor and resonant fre-
quency, of an Al superconducting resonator (at 5.3 GHz)
as a function of temperature and microwave power at
low temperatures Tc/18 < T < Tc/3. The response mea-
surements, complemented with quasiparticle recombina-
tion time measurements, are explained consistently by
a model based on a microwave-induced non-equilibrium
f(E).
Redistribution of quasiparticles [5, 6] due to microwave
absorption [7] has been shown earlier to cause enhance-
ment of the critical current [8], the critical tempera-
ture (Tc) and the energy gap [9]. These enhancement
effects are most pronounced close to Tc and were ob-
served for temperatures T > 0.8Tc. A representation of
gap suppression and gap enhancement is shown in the
inset to Fig. 1b [8]. The consequences of the redistri-
bution of quasiparticles for the electrodynamic response
were only studied theoretically for T > 0.5Tc [10]. Re-
distribution of quasiparticles also explains [11] the mi-
crowave power dependent number of quasiparticles in mi-
crowave resonators at low temperatures, which we have
recently measured [12]. These quasiparticles impose a
limit for detectors for astrophysics based on microwave
resonators [13, 14]. Related phenomena have been re-
ported in superconducting-normal metal devices [15], ter-
ahertz pulse experiments [16] and holographic supercon-
ductivity [17].
To measure the microwave response, microwave res-
onators were patterned into a 60 nm thick Al film, which
was sputter deposited on a sapphire substrate. Tc was
measured to be 1.17 K, from which the energy gap at
zero temperature is taken to be ∆ = 1.76kBTc = 177
µeV. The low temperature resistivity was 0.9 µΩcm. The
film was patterned by wet etching into distributed, half-
wavelength, coplanar waveguide resonators, which are ca-
pacitively coupled to a transmission line. With readout
power, Pread, we will mean the incident microwave power
on the through transmission line. The presented mea-
surements were performed on a resonator with a length of
9.84 mm and a central strip volume of 1770 µm3 (sample
A). Sample B is similar and will be introduced later. Fur-
ther details are provided in the supplementary material
[18]. The half-wavelength geometry was chosen because
it has an isolated central strip, which prevents quasiparti-
cle outdiffusion. The samples were cooled in a pulse tube
precooled adiabatic demagnetization refrigerator. Care
was taken to make the sample stage light-tight as de-
scribed in Ref. 19, which is crucial to eliminate excess
quasiparticles due to straylight. The complex transmis-
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FIG. 1. (color online). (a) The measured microwave trans-
mission |S21|
2 as a function of frequency for sample A. The
solid lines are taken for four different microwave readout pow-
ers (Pread) at a temperature of 64 mK. The dashed lines are
taken at 349 mK. The same colour coding applies. The arrows
indicate increasing Pread. The inset shows the internal qual-
ity factor and resonant frequency as determined from the S21
measurements as a function of Pread. (b),(c) The measured
internal quality factor and resonant frequency as a function
of temperature for various Pread (the same legend applies).
The arrows indicate increasing Pread. Simulation results are
shown as lines. The inset is a representation of the effect of
microwave absorption on the energy gap ∆. The temperature
is normalised to the equilibrium Tc.
sion S21 of the microwave circuit was measured with a
vector network analyser. The microwave signal was am-
plified at 4 K with a high electron mobility transistor
amplifier and with a room temperature amplifier.
We have measured the microwave transmission S21 for
various Pread as a function of temperature. A selec-
tion of resonance curves is shown in Fig. 1a. We kept
Pread below the bifurcation regime [20, 21]. By fitting a
Lorentzian curve to the resonance curve, we extracted the
resonant frequency (fres) and the internal quality factor
(Qi) [18], which are plotted for 64 and 349 mK as a func-
tion of Pread in the inset in Fig. 1a [22]. Qi is higher when
the resonance curve is deeper. Qi and fres are shown for
several microwave powers as a function of temperature
in Fig. 1b and c. Two distinct regimes appear. At low
temperatures both Qi and fres decrease with increas-
ing microwave power, which is consistent with a higher
effective electron temperature. At the highest tempera-
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FIG. 2. (color online). (a) The calculated quasiparticle distri-
bution as a function of normalised energy. The two different
panels are for temperatures of 120 and 320 mK. The insets
show the same distributions on a log-scale. (b) The phonon
power flow from the film to the substrate as a function of nor-
malised energy, for 120 mK (the inset shows the same lines on
a log-scale) and 320 mK. dP is zero in thermal equilibrium.
tures however, both Qi and fres increase with increasing
power, which contradicts with a heating model [20] and
also cannot be explained by a pair-breaking effect where
the density of states broadens due to the current [23].
The pair-breaking mechanism would induce a downward
frequency shift without dissipation [4] and might play a
role at the highest Pread at the lowest temperatures.
We have modelled the effect of absorption of microwave
photons on the quasiparticle distribution function, f(E),
by using a set of kinetic equations. Absorption of a mi-
crowave photon with energy h¯ω causes quasiparticles at
an energy E to move to an energy E + h¯ω. The rate
with which quasiparticles at energy E absorb photons
with energy h¯ω can be described with an injection term
Iqp(E,ω) [7], which is given by
Iqp(E,ω) = 2B [h1(E,E + h¯ω) (f(E + h¯ω)− f(E))
− h1(E,E − h¯ω) (f(E)− f(E − h¯ω))] , (1)
3with h1(E,E
′) =
(
1 + ∆
2
EE′
)
ρ(E′). ρ(E) is the density
of states, which is given by ρ(E) = E/
√
E2 −∆2. B re-
lates the injection rate to the microwave field strength
[11, 24]. The thus created change in f(E), is coun-
teracted by electron-phonon scattering and quasiparti-
cle recombination, which depend both on f(E) and on
n(Ω), the phonon distribution in the film (Ω is the
phonon energy). In steady state the microwave power
that is absorbed by the quasiparticle system is trans-
ported through the phonon system of the film and is re-
leased in the phonon system of the substrate, the heat
bath. We solve the full nonlinear kinetic equations as
presented in Ref. 5, together with Eq. 1, in steady state,
df(E)/dt = dn(Ω)/dt = 0 for all energies, with a self-
consistency equation for ∆, given by
1
N0VBCS
=
∫ ΩD
∆
1− 2f(E)√
E2 −∆2 dE, (2)
with N0 the single spin density of states at the Fermi
level, ΩD the Debye energy and VBCS the effective pair-
ing potential. The numerical procedure is explained in
Ref. 11.
The complex conductivity σ = σ1− iσ2, describing the
response of both Cooper pairs and quasiparticles to a
time-varying electric field with h¯ω < 2∆, is given by [25]
σ1
σN
(ω) =
2
h¯ω
∫ ∞
∆
[f(E)− f(E + h¯ω)]g1(E)dE, (3)
σ2
σN
(ω) =
1
h¯ω
∫ ∆
∆−h¯ω
[1− 2f(E + h¯ω)]g2(E)dE, (4)
where g1(E) = h1(E,E + h¯ω)ρ(E) and g2(E) =
h1(E,E+ h¯ω)E/
√
∆2 − E2. σN is the normal-state con-
ductivity and ω the angular frequency. Eqs. 3 and 4 show
the role of f(E) in determining the conductivity. In a mi-
crowave resonator fres is proportional to the imaginary
part of the conductivity, σ2, and Qi is proportional to
σ2/σ1, which connects these observables to f(E).
Since Iqp is proportional to the field strength squared,
we need to know the microwave field in the resonator
for a certain Pread. We solve this problem by using the
absorbed microwave power in the quasiparticle system,
Pabs. For the experiment Pabs can be calculated by
Pabs =
Pread
2
4Q2
QiQc
Qi
Qi,qp
. (5)
The loaded quality factor Q is given by Q = QiQcQc+Qi and
Qc is the coupling quality factor. Qc = pi/(ωCgZ0)
2,
with Cg the coupling capacitance and Z0 the character-
istic impedance of the transmission line. See the supple-
mentary material [18] for a derivation. Since Qi depends
strongly on temperature, Pabs is more than an order of
magnitude higher at 300 mK (where Qi = Qc) than at
100 mK [18], which is a crucial ingredient to model the
measurements in Fig. 1. The factor Qi/Qi,qp in Eq. 5
arises when Qi is not limited by quasiparticle dissipation.
Here we take Qi/Qi,qp = 1. Pabs is calculated per unit
volume, where the volume is taken to be twice that of the
central strip of the resonator, to roughly account for the
groundplane of the waveguide, in which power will be ab-
sorbed as well. In the calculations we adjust the constant
B in Eq. 1, such that Pabs = 4N0
∫∞
∆
IqpEρ(E)dE.
The simulations where performed for a frequency of
5.57 GHz. The resulting non-equilibrium quasiparticle
distributions are shown in Fig. 2a for three readout pow-
ers for temperatures of 120 and 320 mK. A structure with
sharp peaks at multiples of h¯ω/∆ shows up due to mi-
crowave photon absorption. At 120 mK, the driven distri-
bution exceeds the thermal distribution at the bath tem-
perature for all energies, meaning that excess quasiparti-
cles are created. At 320 mK, the number of quasiparticles
only increases a little at higher power, but quasiparticles
are taken away from energies ∆ < E < ∆+ h¯ω.
In Fig. 2b we show the corresponding phonon power
flow to the heat bath: dP (Ω) = 3NionD(Ω)Ω[n(Ω) −
nsub(Ω, Tbath)]/τesc. The phonons in the film have a non-
equilibrium distribution n(Ω). Phonons can escape to
the substrate, the bath. The phonon distribution in the
substrate nsub(Ω) is assumed to have a Bose-Einstein dis-
tribution at the bath temperature Tbath. τesc = 0.17 ns
is the phonon escape time, calculated for Al on sapphire
using the acoustic mismatch model [26]. Nion is the num-
ber of ions per unit volume and D(Ω) = 3Ω2/Ω3D is the
phonon density of states. Fig. 2b shows strong non-
equilibrium behaviour as well, with peaks at multiples of
h¯ω. Phonons at Ω < 2∆ arise due to scattering. At en-
ergies Ω > 2∆ phonons due to both recombination and
scattering occur. At 320 mK, we observe phonon trans-
port out of the film, but also into the film (dP (Ω) < 0 at
energies Ω > 2∆). This is a consequence of the depletion
of f(E) for energies ∆ < E < ∆+ h¯ω (Fig. 2a) [27].
Having determined the quasiparticle distributions for
various readout powers, we can calculate the non-
equilibrium conductivity. Fig. 3a and b show σ1 and
σ2, calculated using Eqs. 3 and 4. For comparison,
we plot the quasiparticle density and the quasiparticle
recombination time, τqp, in Fig. 3c and d. At low
temperature, we observe that σ1 increases and σ2 de-
creases with increasing power, together with an increas-
ing number of quasiparticles (analogous to heating), as
described in Ref. 11. At higher temperatures a coun-
terintuitive effect occurs: σ1 decreases (the microwave
losses go down) and σ2 increases with increasing power,
whereas there are still excess quasiparticles being cre-
ated. This effect cannot be consistently explained with
a single effective quasiparticle temperature, but it can
be understood from Fig. 2a (at 320 mK). For a thermal
f(E), the factor [f(E) − f(E + h¯ω)] in Eq. 3 is larger
than for a strongly driven distribution, because of the
peaks in the driven distribution with separation h¯ω. The
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FIG. 3. (color online). (a) The real part of the complex
conductivity, σ1, as a function of temperature, calculated for
three microwave readout powers at a frequency of 5.57 GHz.
(b) The imaginary part of the conductivity, σ2, as a function
of temperature. (c) The calculated quasiparticle density as a
function of temperature. (d) The quasiparticle recombination
lifetime as function of temperature. (e) The difference of the
energy gap for the driven distributions (∆) compared to a
thermal distribution (∆T ). The legend applies to all panels.
probability of absorbing a microwave photon is lower for
a strongly driven distribution, which decreases σ1 and
therewith the losses. σ2 is only sensitive to quasiparti-
cles at ∆ < E < ∆ + h¯ω (Eq. 4). Below 250 mK (see
Fig. 3b), the microwave absorption increases the quasi-
particle population at ∆ < E < ∆ + h¯ω, whereas at
higher temperatures the population becomes lower due
to redistribution. The energy gap, calculated from Eq.
2, is shown in Fig. 3e. Clearly, the non-equilibrium f(E)
leads to gap suppression below 0.3 K, and gap enhance-
ment above 0.3 K despite the creation of excess quasi-
particles. The additional effect of the non-equilibrium ∆
on the observables is minor, the structure in f(E) domi-
nates.
To connect the calculated σ1 and σ2 with the exper-
iment, we calculate Qi and fres through equations for
a microstrip geometry [28] with the same central strip
dimensions as the measured resonator [18]. The results
are plotted in Figs. 1b and c, which shows good agree-
ment with the measurements. In particular, the cross-
over temperatures in Qi and fres are well modelled, as is
the temperature dependence of Qi for both high and low
powers. A comparison of Figs. 1b and c with Figs. 3a
and b shows that Qi is dominated by σ1 and fres by σ2,
as expected.
The experimental evidence for the different power de-
pendence of τqp and the conductivity is shown in Fig. 4.
These results were measured on sample B [18], on which
we performed accurate measurements of τqp as reported
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FIG. 4. (color online). (a) The measured quasiparticle recom-
bination time as obtained from a noise measurement for vari-
ous microwave readout powers measured on sample B. (b) The
measured internal quality factor and (c) resonant frequency.
The legend applies to all panels.
on in Refs. 12 and 29. Fig. 4a shows τqp as deter-
mined from the cross-power spectral density of quasipar-
ticle fluctuations in the amplitude and the phase of the
resonator [12]. Panels b and c show the measured Qi
and fres. The power range for this noise measurement
is only 10 dB, due to the amplifier noise limit. We fo-
cus on T > 200 mK. Qi increases with increasing power,
consistent with Fig. 1b, whereas τqp stays constant, as
expected from the simulations in Fig. 3d. We thus have
a nonlinear conductivity effect due to quasiparticle re-
distribution, where Qi increases despite of the creation
of excess quasiparticles. This is in contrast with situ-
ations in which excess quasiparticles are introduced ei-
ther on purpose or due to the environment [30–36] where
Qi ∝ 1/nqp, although also in qubits subtleties can occur
due to f(E) [37].
The qualitative agreement between measurements and
calculations as apparent from Fig. 1b is quite satisfac-
tory. However, the effect of the microwave power on Qi
and fres is less than calculated. Since the uncertainty in
the measured Pread is less than 2 dB, there should be a
parallel dissipation channel. So far we assumed the same
f(E) for the groundplane of the resonator and the central
strip. Future work may include the calculation of f(E) in
the groundplane, which is difficult due to the additional
complexity of quasiparticle outdiffusion. A crude approx-
imation, where the groundplane is an impedance with
a thermal f(E), in series with the non-equilibrium cen-
tral strip [38], indicates indeed a reduced non-equilibrium
effect of microwave power on Qi and fres. The non-
equilibrium f(E) could be measured by combining the
resonator experiment with tunnel probes [6].
In closing we emphasize that for the non-equilibrium
f(E) to occur (Fig. 2a), quasiparticle-phonon scatter-
ing has to be slow compared to Iqp and to ω, which is
therefore more likely in materials with a low Tc, such as
Al [39]. In addition, redistribution of quasiparticles at
low temperatures leads to nqp ∝
√
Pabs [11], which im-
plies that even in the few microwave photon regime this
5mechanism leads to excess quasiparticles.
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6SUPPLEMENTARY INFORMATION FOR: ’EVIDENCE OF A NONEQUILIBRIUM DISTRIBUTION OF
QUASIPARTICLES IN THE MICROWAVE RESPONSE OF A SUPERCONDUCTING ALUMINIUM
RESONATOR’
P.J. de Visser, D.J. Goldie, P. Diener, S. Withington, J.J.A. Baselmans and T.M. Klapwijk
MODEL INPUT PARAMETERS
An overview of resonator and material parameters is given in Table I. Measurements reported in the main article
in Fig. 1 are measured on Sample A. Data in Fig. 4 is taken on sample B. For N0, the single spin density of states at
the Fermi level, we take 1.72× 104 µeV−1µm−3. N0VBCS can be found from the measured Tc. A microscope picture
of a typical resonator is shown in Fig. S1a.
TABLE I. Parameters of the films and resonators for both samples.
Symbol Interpretation Sample A Sample B Remarks
t film thickness 60 nm 40 nm
Tc critical temperature 1.17 K 1.11 K from DC measurement
∆ energy gap 177 µeV 168 µeV 1.76kBTc
ρN low temperature, normal state resistivity 0.9 µΩcm 0.8 µΩcm from DC measurement
RRR residual resistance ratio 4.5 5.2 from DC measurement
Qc coupling quality factor 20100 54285 measured
C coupling capacitance 7.5 fF 3.7 fF Calculated from Qc
w width of central strip of resonator 3 µm 3 µm
s gap width of CPW 2 µm 2 µm
l length of resonator 9.84 mm 8.33 mm
V central strip volume 1770 µm3 1000 µm3 V = wtl
f0 measured resonant frequency 5.28 GHz 6.62 GHz
τ0 electron-phonon time 440 ns 440 ns measured in Ref. 1
τ0,ph phonon time 0.26 ns 0.26 ns Ref. 2
τesc phonon escape time 0.17 ns 0.11 ns calculated for Al on sapphire from Ref. 3
τpb pair breaking time 0.28 ns 0.28 ns from Kaplan [4]
TABLE II. Parameters of the modelled microstrip geometry
Symbol Interpretation Value
t film thickness 60 nm
Qc coupling quality factor 20100
C coupling capacitance 7.5 fF
w width of central strip of resonator 3 µm
s thickness of the dielectric 1 µm
l length of resonator 9.84 mm
V central strip volume 1770 µm3
f0 modeled resonant frequency 5.57 GHz
ABSORBED MICROWAVE POWER IN THE QUASIPARTICLE SYSTEM
For the modelling of the effect of absorbed microwave powers we need to derive the absorbed power in the quasi-
particle system, Pabs, in a way consistent with how the quality factors and resonant frequency are determined. To
that end we consider the circuit in Fig. S1b. The resonator is a half-wave resonator with two open ends as used in
the experiment, which is coupled with a coupling capacitance C to a through transmission line with a characteristic
impedance Z0 (typically 50 Ω). The geometry can be seen as a shunt resonator (it shunts the through transmission
line). Similar expressions as below are reported for different geometries [5–7], but we derive them here explicitly for
the halfwave geometry, because Pabs is a crucial parameter to connect the experiments and the simulations. The main
results are Eq. 20, relating S21 to the quality factors, and Eq. 25, which relates Pabs to the readout power and the
quality factors.
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FIG. S1. (a) A microscope picture of one of the halfwave microwave resonators. The resonator is shortened two times in length
for visibility. The coplanar waveguide (CPW) through transmission line is used for readout. The transmission from port 1 to
port 2 is measured. (b) The microwave circuit considered for calculating the absorbed microwave power.
The input impedance of a halfwave transmission line resonator with two open ends is given by [8]
Zline = Z0 coth(α+ jβ)l = Z0
1 + j tanβl tanhαl
tanhαl + j tanβl
, (6)
where l is the length of the line. α and β are the real and imaginary parts of the propagation constant. At a
wavelength of twice the length, l = λ/2, close to the resonant frequency ω1/2 (that is: the resonant frequency of the
half wavelength line without coupler), with ω = ω1/2 +∆ω,
βl = pi +
pi∆ω
ω1/2
, (7)
tanβl = tan
pi∆ω
ω0
≈ ∆ωpi
ω1/2
. (8)
Also using that tanhαl ≈ αl and j tanβl tanhαl ≈ αl pi∆ωω1/2 , we can rewrite Eq. 6 as
Zline =
Z0
αl + j∆ωpiω1/2
. (9)
We now define the internal quality factor of this halfwave resonator as Qi =
α
2β , which leads to αl =
βl
2Qi
= pi
2Qi
(1 +
∆ω
ω1/2
). Therefore we get
Zline = Z0
1
pi
2Qi
(1 + ∆ωω1/2 ) + j
pi∆ω
ω1/2
= Z0
2Qi/pi
(1 + ∆ωω1/2 ) + j2Qi
pi∆ω
ω1/2
= Z0
2Qi
pi − 4j
Q2i
pi
∆ω
ω1/2
1 + 4Q2i
(
∆ω
ω1/2
)2 , (10)
where for the last step we used ∆ωω1/2 << 1.
We add a capacitive coupler on one side of the halfwave resonator with a capacitance C. Now the impedance
looking into the capacitance is given by
Zin = Zline +
1
jωC
= Z0


2Qi
pi − 4j
Q2i
pi
∆ω
ω1/2
1 + 4Q2i
(
∆ω
ω1/2
)2 − jωCZ0

 = Z0
2Qi
pi − 4j
Q2i
pi
∆ω
ω1/2
− jωCZ0
(
1 + 4Q2i
(
∆ω
ω1/2
)2)
1 + 4Q2i
(
∆ω
ω1/2
)2 (11)
The added capacitance will cause the resonant frequency of the line and coupler, ω0, to deviate from the resonant
frequency of the line only, ω1/2. The new criterion for resonance will be that the imaginary part of Eq. 11 vanishes,
ℑ(Zin) = 0. That requires that
4Q2i
ωCZ0
(
∆ω
ω1/2
)2
+
4Q2i
pi
(
∆ω
ω1/2
)
+
1
ωCZ0
= 0, (12)
8the solutions of which are
∆ω
ω1/2
=
ωCZ0
2Qi
(
−Qi
pi
±
√
Q2i
pi
− 1
ω2C2Z20
)
≈ ωCZ0
2Qi
(
−Qi
pi
± Qi
pi
)
= −ωCZ0
pi
∨ 0. (13)
The approximation here requires that 1
ω2C2Z2
0
<< Q2i , which holds for all practical cases. We take the first solution,
which lowers the resonant frequency and makes the line slightly inductive. For that solution
ℜ(Zin) = 2Z0Qi/pi
1 + 4Q2i
(
∆ω
ω1/2
)2 = 2Z0Qi/pi1 + 4Q2iω2Z20C2/pi2 ≈
Z0pi
2Qiω2C2Z20
. (14)
We will now first derive the coupling quality factor Qc. The energy stored in the line at resonance is
1
2
ClV
2
line, where
Cl is the (total distributed) capacitance of the halfwave line and Vline the voltage over the line. If we divide the voltage
VL over the coupler and the halfwave line, we get Vline =
Zin
Zline
VL. The current is given by I = VL/Zin = Vline/Zline.
The dissipated power in the throughline is
P cdiss = |I|2
Z0
2
=
V 2line
|Zline|2
Z0
2
. (15)
The superscript c is to denote that it is the power that is lost through the coupler. At resonance, ω = ω0, we get
from above that |Zline| = 1ωC . Furthermore we can write the capacitance of the line to be Cl = LvphZ0 , where vph is
the phase velocity and we assume again that the characteristic impedance is Z0. At the first resonance of the circuit
we can write ωCl =
ωL
vphZ0
= 2piLλZ0 =
pi
Z0
, where λ is the wavelength. Now
Qc =
ωE
P cdiss
=
ω 1
2
ClV
2
line
V 2lineZ0/2
|Zline|2
=
ωCl|Zline|2
Z0
=
pi
ω2C2Z20
. (16)
We can now rewrite our equations for small deviations with respect to the new resonant frequency (of the halfwave
line and coupler) ω0 using ∆ω/ω1/2 = ∆ω/ω0 −
√
1/piQc. If we substitute that in Eq. 11 we get
Zin
Z0
=
2Qi/pi
1 + 2jQi
(
∆ω
ω0
− j
√
1
piQc
) − j
√
Qc
pi
=
2Qi
√
Qc
pi
∆ω
ω0
− j
√
1
piQc
1 + 2jQi
(
∆ω
ω0
−
√
1
piQc
) (17)
On resonance, ∆ωω0 = 0 and
Zin
Z0
=
2Qi
√
Qc
pi − j
√
1
piQc
1− 2jQi
√
1
piQc
=
−j
√
1
piQc
+ 2Qipi
1 + 4
Q2i
piQc
≈ Qc
2Qi
, (18)
which shows that at critical coupling (Qi = Qc) and at resonance Zin = Z0/2.
The scattering parameter S21, is for the circuit in Fig. S1b given by
S21 =
2
2 + Z0Z
=
2Qi
∆ω
ω0
− j
1
2
√
pi
Qc
+ 2Qi
∆ω
ω0
− j + jQi
√
pi
Qc
(
∆ω
ω0
−
√
1
piQc
) = Q/Qi + 2jQ∆ωω0
1 + 2jQ∆ωω0
, (19)
where Q is the loaded quality factor: Q = QiQcQi+Qc . In practice we usually fit |S21|2, which can be readily derived:
|S21|2 =
S221,min + 4Q
2
(
∆ω
ω0
)2
1 + 4Q2
(
∆ω
ω0
)2 = 1 + S221,min − 1
1 + 4Q2
(
∆ω
ω0
)2 , (20)
where S21,min is the transmission on resonance, S21,min =
Q
Qi
. This is a result that is very commonly used to fit
resonance curves and is used in this work to extract the quality factors and the resonant frequency from the resonance
curves.
9In Fig. S1b we consider the load of this circuit to be Zin, through which a current IL flows and over which a voltage
VL is applied. Therefore
IL =
Vsource
2Zin + Z0
=
Vsource/Zin
2 + Z0Zin
. (21)
The dissipated power in the load is now given by
Pabs = |IL|2ℜ(Zin) = V
2
sourceℜ(Zin)
|2Zin + Z0|2 =
4Z0Preadℜ(Zin)
|2Zin + Z0|2 , (22)
where we take Pread =
V 2source
4Z0
to be the readout power on the throughline.
We now focus on the dissipated power at resonance. From Eq. 18, ZinZ0 =
Qc
2Qi
. Therefore
Pabs =
2Z20Pread
Qc
Qi
Z20
(
Qc
Qi
+ 1
)2 = Pread2 4Q
2
QiQc
. (23)
At critical coupling Qi = Qc, Pabs = Pread/2.
So far we have assumed that there is only one source of dissipation associated with Qi. We can refine this assumption
by adding an additional source of loss. It is always possible to write this loss as a quality factor, say Q∗i . We define
Qqpi as the quality factor due to dissipation in the quasiparticle system. Then
1
Q
=
1
Qc
+
1
Q∗i
+
1
Qqpi
=
1
Qc
+
1
Qi
, (24)
and therefore
P qpabs = Pabs
Qi
Qqpi
=
Pread
2
4Q2
QiQc
Qi
Qqpi
(25)
where we assumed to be on resonance (Eq. 23). Also this equation has been reported [7], but it is important to notice
that with this derivation we have shown that one can consistently derive Pabs from parameters that are obtained from
a fit to the resonance curve as given by Eq. 20.
Pabs as determined through this procedure on sample A is shown as a function of temperature for several microwave
powers in Fig. S2. We observe that the absorbed power not only scales with Pread but is also strongly temperature
dependent. This temperature dependence can be understood through Eq. 23 by considering that Qi >> Qc at 100
mK and Qi ≈ Qc close to 300 mK.
To compare parameters that follow from the calculated quasiparticle distribution functions we convert σ1 and σ2 into
a resonant frequency and an internal quality factor, using the expressions for a microstrip geometry as can be found
in Ref. 9. These equations allow to calculate the complex propagation constant of the line, including the capacitance,
the geometric and kinetic inductance and the losses and therewith the impedance of the line. Equations for coplanar
waveguide geometries usually give separate approximations for the attenuation and the kinetic inductance[10], or only
one of the two [11]. The central strip dimensions and the film thickness have been kept the same as for the measured
coplanar waveguide geometry. Since we are mainly interested here in the properties of the superconductor, these
geometries are comparable.
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FIG. S2. The absorbed microwave power per unit volume as a function of temperature for three different microwave readout
powers. The open symbols are derived from the measurements. The filled symbols with lines show that in the simulations we
have modeled the same absorbed powers as derived from the measurements.
